Rules for integrands involving exponentials of inverse hyperbolic tangents

1 ju en ArcTanh[a x] dx

1. XM enAr‘cTanh[a x] dx

1: Jx"‘ enAreTanhaxl gy when E ez

Derivation: Algebraic simplification

n+1
2

Basis: e" ArcTanh[z] __ (1+2)
(1-z) 2 V1-22

Rule: If % € Z,then

n+l

Jm nArcTanh[ax] dx —s XM (1+ax) 2 dx
(1—ax) 2 —a x2

Program code:

Int[E~(n_.*xArcTanh[a_.*x_]),x_Symbol] :=
Int[ ((1+a*x)~((n+1)/2)/ ((1-a*x)”~((n-1)/2)*Sqrt[1l-a*2+x"2])),x] /;
FreeQ[a,x] && IntegerQ[ (n-1)/2]

Int[x_~m_.*E~(n_.*ArcTanh[a_.*x_]) ,x_Symbol] :=
Int[x*m* ( (1+a*x)~((n+1) /2) / ((1-axx) " ((n-1) /2) *Sqrt[1-a*2xx"2])),Xx] /;
FreeQ[{a,m},x] && IntegerQ[ (n-1)/2]

2: | x™enArcTanhiax] gy when u ¢z

Derivation: Algebraic simplification

Basis: @nAr‘cTanh[z] __ (1+zy"?
) (1-z)n2

Rule: If % ¢ 7, then
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n/2
jxm enArcTanh[a X] dx —s jxm (1 +a X) dx
(1 -a X) n/2

Program code:

Int[E~ (n_xArcTanh[a_.*x_]) ,x_Symbol] :=
Int[ (1+a*x)~(n/2)/ (1-axx)~(n/2),x] /;
FreeQ[{a,n},x] && Not[IntegerQ[ (n-1)/2]]

Int[x_"m_.*E”(n_xArcTanh[a_.*x_]),x_Symbol] :=
Int[xX*mx (1+axx)"~(n/2)/ (1-axx)"~(n/2),x] /;
FreeQ[{a,m,n},x] && Not[IntegerQ[ (n-1)/2]]

2. Ju (c +dx)P enAreTanhiax] gy when a2 c2-d?=-0

1: J(e+fx)"‘(c+dx)”e"""°”"“[“] dx whenac+d=0 A "Ziez A (pezvp-3=0Vp-37-1=80)

Derivation: Algebraic simplification

Basis:If ac+d =0 A nezthen (c+dx)"enArcTanhiax] - cn (1 - 32 xz)n/2

Note: The conditionp ez vV p - J =0 VvV p - 7 -1 == @ should be removed when the rules for integrands of the form
(d+ex)" (F+gx)" (a+bx+cx?)’When c d? - b d e + a e == @ are strengthened.

Rule:ifac+d=8 A StezZ A (pezVp-5=0Vp-2-1=0),then

j(e+fx)'" (c+dx)PenhreTanhiax] gy _, C"J(e+fx)m (c+dx)P™" (1-a? xz)"/zdlx

Program code:

Int[(c_+d_.*x_)"p_.*E~(n_.*ArcTanh[a_.*x_]) ,x_Symbol] :=
c*n*xInt[ (c+d*x) " (p-n) % (1-a*2%xx"*2)~(n/2),x] /;
FreeQ[{a,c,d,p},x] &% EqQ[a*xc+d,0] && IntegerQ[ (n-1)/2] && IntegerQ[2xp]
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Int[(e_.+Ff_.#x_) m_.*(c_+d_.+x_)~p_.*E~(n_.*ArcTanh[a_.xx_]),x_Symbol] :=
c nxInt[ (e+fxx) mx (C+dxx)~ (p-n)  (1-a"2#x"2)~(n/2) ,x]| /3
FreeQ[{a,c,d,e,f,m,p},x] & EqQ[axc+d,0] & IntegerQ[(n-1)/2] && (IntegerQ[p] || EqQ[p,n/2] || EqQ[p-n/2-1,0]) && IntegerQ[2xp]

2: Ju (c +dx)PenAreTanhiaxl gy when a2c2-d2==0 A (peZ V Cc>0)

Derivation: Algebraic simplification

Basis: (enAr‘cTanh[z] _ (1+z)"/2
) (1-z)"/2

Note: Since a® c® - d? == 9, the factor (1. ¢)” will combine with one of the factors 1 +ax2or (1-ax .
Rule:If a2 c?-d? =0 A (peZ V ¢ >0),then

dx\p (L+ax)"?
] Lr3X g

ju (c+dx)PenhreTamhiax] gy _, P Ju (1+ —

c (1-ax)"/?

Program code:

Int[u_.x(c_+d_.*x_)~p_.*E~(n_.*ArcTanh[a_.x*x_]),x_Symbol] :=
c p*Int[ux (1+d*x/c) *p* (1+axx)”*(n/2) / (1-a*x)~(n/2),x] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[a”*2xc”2-d*2,0] && (IntegerQ[p] || GtQ[c,0])
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3: J-u (c+dx)Penhretanhiax] gy when a2c2-d2==@ A -~ (pEZ V C>0)

Derivation: Algebraic simplification

Basis: @"ArcTanh(z] __ (1+z)"/2
° (1—Z)n/2

Note: Since a? c? - d? == @, the factor (c+dx)» will combine with one of the factors (1+ax) "2 or (1 -ax) - after piecewise
constant extraction.

Rule:If a2 c?-d? =0 A - (peZ V c > 0),then

p n/2
J.u (c+dx)penArcTanh[ax] dx —s Ju (c+dx)P (L+ax) dx
(1_ax)n/2

Program code:

Int[u_.*(c_+d_.*x_)~p_.*E~(n_.*ArcTanh[a_.x*x_]),x_Symbol] :=
Int [ux (c+d*Xx) *p* (1+axx)”(n/2) / (1-a*x)*(n/2),x] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[a”2xc”2-d*2,0] && Not[IntegerQ[p] || GtQ[c,0]]
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dyr
3. Ju (c + —] e"ArcTanh(ax] gy when c2 - a2d? == 0
X

d\r
1: Ju (c + —] @"ArcTanhiax] gy when c2-a2d?>=0 A pez
X

Derivation: Algebraic simplification

Basis: If p € z, then <c+ %)p - L (1+ u)p

xP

Rule:If c?-a%2d?==0 A p e Z,then

Ju (C + E]penArcTanh[ax] dx —s dP fl (1+ ﬂ)penArcTanh[ax] dx
X xP d

Program code:

Int[u_.x(c_+d_./x_)~p_.*E~(n_.*ArcTanh[a_.x*x_]),x_Symbol] :=
d*pxInt [u* (1+cxx/d) *p*xE” (nxArcTanh[axXx]) /x*p,x] /;
FreeQ[{a,c,d,n},x] &% EqQ[c”2-a”~2xd"2,0] && IntegerQ[p]
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d\r
2. Ju (c + —] @"ArcTanhiax] gy when c2-a2d?==0 A p¢zZ
x

dyr
1. Ju (c+ —) @"ArcTanhiax]l gy when c2-a2d*=0 A pe¢Z A gez
X

dyp
1: ju [c+—] @"ArcTanhiax] gy when c2-a2d2==0 A p¢Z A gez AcC>0
X

Derivation: Algebraic simplification

. N 1 1\n/2
Basis: If 7 € z,then enArcTanh(z] _. l—)—&i;nji = (-1)"/2 —;(11;”/2

ax

Note: Since c* - a® d* == @, the factor (1. £) will combine with the factor (1. )~ or (1

Rule:If c>-a*d* =@ Ap¢zZ A D ez A c>0,then

dy\r d e (1+ L)n/2
u [c + —] @nArcTanhiaxl gy, (—1)™2¢cP |u (1 + —] — 32X dx
X cX (1_ L)n/Z

Program code:

Int[u_.*(c_+d_./x_)~p_*E~(n_xArcTanh[a_.*x_]),x_Symbol] :=
(-1)~(n/2) xc*pxInt[ux (1+d/ (c*xX) ) *p* (1+1/ (a*xx) )~ (n/2) / (1-1/ (a*x) )~ (n/2),x] /;
FreeQ[{a,c,d,p},x] && EqQ[c*2-a”*2xd"2,0] && Not[IntegerQ[p]] && IntegerQ[n/2] && GtQ[c,0]

dyr
2: ju [c+—] @"ArcTanhiax] gy when c2-a2d2==0 A p¢Z A gez AcC3O
X

Derivation: Algebraic simplification

Basis: e"ArcTanh(z] __ (1+z)"/2
° <172)n/2

Rule:If c>-a*d*==@ ApezZ A 2 ez A c#0,then

1

a

X

)—n/Z.
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n/2
ju (c + E]pe“"““h[“] dx — ju (c + E]p (1+a—x)d1x
x x) (1-ax)"/?
Program code:
Int[u_.x(c_+d_./x_)~p_*E~(n_xArcTanh[a_.*x_]),x_Symbol] :=

Int[ux (c+d/x)*p* (1+axx)”(n/2) / (1-a*x)*(n/2),x] /;
FreeQ[{a,c,d,p},x] &% EqQ[c”2-a”*2xd"2,0] && Not[IntegerQ[p]] && IntegerQ[n/2] && Not[GtQ[c,0]]

dyr
2: |u (c + —) @"ArcTanhiax]l gy when c2-a2d?==0 A p¢zZ
X

Derivation: Piecewise constant extraction

. xP (c+%)P
Basis: Ox ———*% ==
x (1+7>p

Rule:If c?-a%2d?==0 A p ¢ Z,then
p d\P
u (C + E)penAr‘cTanh[ax] dx — M ji (1+ 2)penAr‘cTanh[ax] dx
X (1+ Cd_X)P xP d

Program code:
Int[u_.*(c_+d_./x_)~p_*E~(n_.xArcTanh[a_.*x_]),x_Symbol] :=

x"px (c+d/x) *p/ (1+cxx/d) *p*Int [ux (1+cxx/d) *pxE” (nxArcTanh[axx]) /x"p,x] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[c”2-a”2xd"2,0] && Not[IntegerQ[p]]

4. ju (c+d xz)p e"ArcTanhiax] gy when a2c +d =0
1. J(c +d xz)p enAreTanhax] gy when a2c +d =0

1. J(c+dx2)pe"””a""[a"] dx whena?c+d=0 A p<-1An¢z



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

nArcTanh[a x]

e
1: J—dlx when a2c+d=0 A n¢z
(c+dx2)3/2

Rule:If a2c+d =0 A n ¢ Z,then

e ArcTanh[a x] (n - a X) e ArcTanh[a x]
T dx —
(c+dx?) ac(n?-1) Vc+dx?
Program code:

Int[E~(n_xArcTanh[a_.*x_])/ (c_+d_.%x_"2)"(3/2),x_Symbol] :=
(n-axx) *E* (nxArcTanh[axx]) / (axc* (n*2-1) *Sqrt [c+d*x*2]) /;
FreeQ[{a,c,d,n},x] && EqQ[a”2xc+d,0] && Not[IntegerQ[n]]

2: J(c+dx2)”e"""““"“[“] dx when a?c+d=0 Ap<-1An¢zZ An*-4(p+1)2+0

Derivation: 7??

Rule:if a?2c+d=0 Ap<-1Ane¢Z An®>-4 (p+1)2+0,then

2\ P+1 _nArcTanh[ax]
J(c+dx2)Pe"ArcTanh[aX] dx — (n+2a (p+1) X) (C+dx ) e _ 2 (P+1) (2P+3) J(c+dx2)p+1 enAr‘cTanh[ax] dx
ac(n’-4(p+1)?) c(n?-4(p+1)?)

Program code:

Int[ (c_+d_.*x_"2)"p_=*E~(n_xArcTanh[a_.*x_]),x_Symbol] :=
(N+2xax (p+1) *X) * (C+d*x*2) A (p+1) *E” (nxArcTanh[axXx]) / (a*C* (n*2-4% (p+1)~2)) -
2% (p+1) * (2xp+3) / (c* (N*2-4% (p+1) ~*2) ) *Int[ (c+d*x”*2) ~ (p+1) *E~ (n*ArcTanh[axx]),Xx] /;
FreeQ[{a,c,d,n},x] &% EqQ[a”2xc+d,0] && LtQ[p,-1] && Not[IntegerQ[n]] && NeQ[n"2-4x (p+1)~2,0] & IntegerQ[2xp]

2. J(c +dx2)P enAreTan2x] gx when a?c+d=@ A (peZ V c>0)



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

nArcTanh[a x]

e , |
1: j—dlxwhena c+d=0 A ¢z
c+dx? 2

Rule:If a2c+d =0 A 2 ¢ z,then

nArcTanh[a x] nArcTanh[a x]

e e
J-—dlx S
c+dx? acn

Program code:

Int[E~(n_.+*ArcTanh[a_.*x_])/ (c_+d_.*x_"2),x_Symbol] :=
E~ (nxArcTanh[axXx]) / (axc*n) /;
FreeQ[{a,c,d,n},x] &% EqQ[a”2xc+d,0] &&% Not[IntegerQ[n/2]]

2. J(c+dx2)pe"A"CTa"h[aX] dx when a?c+d=0 A peZ A %ez

1: J(C+dx2)PenArcTanh[ax] dx when a?c+d=08 A peZ A t—leT

Derivation: Algebraic simplification

Basis: (enAr‘cTanh[z} . _(Axz)"
' (1—22)n/2

Rule:If a>c+d==0 A pez A ™ ez, then

L+ax)"

J(c_'_dXZ)PenArcTanh[ax] dx — cpj(l_aZXZ)P
(1_32 xz)n/Z

dx — cpj(l—azxz)p'f (1+ax)"dx

Program code:

Int[(c_+d_.*x_"2)"p_.*E~(n_.*ArcTanh[a_.*x_]),x_Symbol] :=
cp*xInt[ (1-a”2%x*2) "~ (p-n/2) * (1+a*x)*n,x] /;
FreeQ[{a,c,d,p},x] &% EqQ[a”2xc+d,0] &&% IntegerQ[p] && IGtQ[ (n+1)/2,0] &% Not[IntegerQ[p-n/2]]
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2: J(C+dx2)PenArcTanh[ax] dx when a2c+d=0 A pez A ";_162—

Derivation: Algebraic simplification

/2
Basis: enArcTanh([z] __ (1*22)n

S (1-z)"

Rule:If a>c+d =0 A pez A "+ ez ,then
(1—a2x2)"/2 (1-a2x2)p+;
(c+dx?)Perhremamiaxl gy — P | (1-a’x*)P ~——————dx — ¢ | ——————dx
(1-ax)" (1-ax)"

Program code:

Int[ (c_+d_.*x_"2)"p_.*E”(n_xArcTanh[a_.*x_]),x_Symbol] :=
crpxInt[ (1-a”*2%x"2) "~ (p+n/2) / (1-a*Xx)"*n,x] /;
FreeQ[{a,c,d,p},x] && EqQ[a”2xc+d,0] && IntegerQ[p] && ILtQ[ (n-1)/2,0] && Not[IntegerQ[p-n/2]]

10
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3: f(c +dx2)pe"A"CTa"“[“] dx when a?c+d=0 A (peZ V c>0)

Derivation: Algebraic simplification
Basis:If a?c+d =0 A (peZ V c>0),then (c+dx?)?=cP (1-ax)P (1+ax)P

Basis: @"ArcTanh(z] __ (1+z)"/2
° (1—Z)n/2

Rule:If a2c+d =0 A (peZ V ¢ >0),then

(1+ax)"?

J(c+dx2)pe"A”“Ta"h[ax] dx — cpj(l—ax)p (L+ax)P —
(1-ax)

dx — cpj(l—ax)p'? (L+ax)Pz7dx

Program code:

Int[ (c_+d_.*x_"2)"p_.*E~(n_.*ArcTanh[a_.*Xx_]),x_Symbol] :=
crpxInt[ (1-a»x)”~(p-n/2) * (1+a*x) "~ (p+n/2),x] /;
FreeQ[{a,c,d,n,p},x] &% EqQ[a”2xc+d,0] && (IntegerQ[p] || GtQ[c,0])

11
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3. J-(c+dx2)pe"Ar°Ta"h[aX] dx when a?c+d=0 A -~ (peZ V c>0)
1. j(c+dx2)"e"’“““"“[”] dx when a’c+d=0 A -~ (PEZ V c>0) A J€Z

1: j(c+dx2)pe"A"°Ta"h[ax] dx when a?c+d=0 A - (p€Z V c>0) A gez*

Derivation: Algebraic simplification

Basis: (enAr‘cTanh[z] . _(1+z)"

- <1_22>n/2

Basis:If ac +d =@ A } € Z,then (1-a? xz)‘“/z =c"? (c +dx2)‘n/2

Rule:lf a2c+d =0 A - (pez V c>0) A ez, then

n n
(c+dx?)PenhreTanhiax] qx (c+dx2)p—(1+ax) dx — c"? [ (c+dx*)P7 (1+ax)"dx
(1—32 Xz)n/z

Program code:

Int[ (c_+d_.*x_"2)"p_.*E”(n_xArcTanh[a_.*x_]),x_Symbol] :=
cr(n/2) *Int[ (c+d*x*2)~ (p-n/2) * (1+a*X)*n,x] /;
FreeQ[{a,c,d,p},x] && EqQ[a*2xc+d,0] &% Not[IntegerQ[p] || GtQ[c,0]] && IGtQ[n/2,0]

12
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2: J(c+dx2)pe"””a"“[a"] dx when a?c+d=0 A -~ (p€EZ V c>0) A geZ‘

Derivation: Algebraic simplification

/2
Basis: enArcTanh([z] __ {1*22)n

S (1-z)"

Basis:If a2c+d =0 A 2 7, then (1-a>x2)"? = = (c+dx?)"?

Rule:lf a2c+d =0 A - (pez V c>0) A J ez, then

( 2\ P _nArcTanh[aXx] 2\p (1_a2 XZ)“/Z 1 (C+dX2)p+7
c+dx’)Pe dx — (c+dx?)P —dx — — L dx
(L-ax)" c"/2 (L-ax)"

Program code:

Int[ (c_+d_.*x_"2)"p_.*E”(n_xArcTanh[a_.*x_]),x_Symbol] :=
1/c”A(n/2) *Int[ (c+d*x*2)~ (p+n/2) / (1-axX)”~n,x] /;
FreeQ[{a,c,d,p},x] && EqQ[a”2xc+d,0] && Not[IntegerQ[p] || GtQ[c,0]] && ILtQ[n/2,0]

13
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2: J(c+dx2)pe“ArCTa"h[aX] dx when a’c+d=0 A - (peZ V c>0) A §¢.Z

Derivation: Piecewise constant extraction

+ 2 P
Basis: If a2 ¢ + d == 0, then 64 %%ZXXZ))_F) -9

Rule:if a2c+d =0 A = (peZ VvV c >0),then

cIntPart[p] (c +d Xz) FracPart[p]

j(c +d XZ)P enAr‘cTanh[ax] dx —s (1 _ a2 XZ)P enAr‘cTanh[ax] dx

(1 _ 32 X2) FracPart[p]

Program code:

Int[ (c_+d_.*x_"2)"p_=*E~(n_.*ArcTanh[a_.*x_]),x_Symbol] :=
c~IntPart[p]* (c+d*x”2) ~"FracPart[p]/ (1-a”2xx~2)*FracPart[p]*Int[ (1-a*2xx"2) *"p*E”* (nxArcTanh[axXx]) ,X] /;
FreeQ[{a,c,d,n,p},x] & EqQ[a”~2xc+d,0] && Not[IntegerQ[p] || GtQ[c,0]]

14
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2. J-x"‘ (c+d xz) P gnArcTanhiax] gy when a2c +d==0

1. Jx (c+dx?)PerArcTanhiax] qx when a?c+d=8 A p<-1 A N¢z

X e" ArcTanh[a x]
1: J-—dlx when 32C+d==0 ANnN¢z
(c+dx2)3/2

Rule:If a2c+d =0 A n ¢ Z,then
xe" ArcTanh[a x]
J\ (c+dx2)3/2 >
Program code:

Int[x_*E~(n_xArcTanh[a_.*x_])/ (c_+d_.*x_"2)"(3/2),x_Symbol] :=
(1-axnxx) *E~ (nxArcTanh[a*x]) / (d* (n*2-1) *Sqrt[c+d*x"*2]) /;
FreeQ[{a,c,d,n},x] &% EqQ[a”2xc+d,0] && Not[IntegerQ[n]]

—

(1 —an X) e" ArcTanh[a x]

d(n?-1) Vc+dx?

15



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents 16

2: Jx (c +dx2)pe“””a"h[”] dx when a?c+d=0 A p<-1An¢z

Derivation: Integration by parts

Basis: 6, L2l . x (c+dx2)P

2d (p+1)

Rule:lf a?c+d =0 A p< -1 A n ¢ Z,then

1
(C +d xZ)P+ enArcTanh[ax] acn

jx (C + dXZ)DenAr‘cTanh[ax] dx —s j(c +dXZ)PenAr‘cTanh[ax] dx

2d (p+1) T 2d (p+1)

2\ P+1 _nArcTanh[ax]
_(2 (p+1) +anx) (c+dx?)’" e ) n(2p+3) j(c+dxz)p+lenArcTanh[ax] dx
d(n2-4 (p+1)?) ac(n*-4(p+1)?)

—

Program code:
Int[x_=*(c_+d_.*x_"2)"p_*E”(n_xArcTanh[a_.*x_]),x_Symbol] :=
(c+dxx"2) ~ (p+1) *xE~ (nxArcTanh[a*X]) / (2xd* (p+1)) - axcxn/ (2xdx (p+1)) *Int[ (c+d*x"2) ~*pxE~ (nxArcTanh[axx]),Xx] /;
FreeQ[{a,c,d,n},x] &% EqQ[a”2xc+d,0] &% LtQ[p,-1] &% Not[IntegerQ[n]] && IntegerQ[2xp]
(» Int[x_»(c_+d_.*x_"2)~p_x»E~(n_xArcTanh[a_.*x_]),x_Symbol] :=
- (2% (p+1) +axnxX) * (c+d*x”*2) ~ (p+1) *E~ (n*ArcTanh[a*Xx]) / (d* (n*2-4* (p+1) ~2)) -

n* (2xp+3) / (a*Cx (N*2-4% (p+1) ~2) ) *Int [ (c+d*x*2) ~ (p+1) *E” (nxArcTanh[a*x]) ,x] /;
FreeQ[{a,c,d,n},x] &% EqQ[a”2xc+d,0] && LeQ[p,-1] &% NeQ[n"2-4x (p+1)~2,0] && Not[IntegerQ[n]] =*)

2. sz (c+dx?)PeAreTamhiax] qx when a’c+d=0 A p<-1 A N¢z

1: sz (c+dx2)pe"A'"°Ta"h[a"] dx whena?c+d=0 An?+2 (p+1) =0 An¢z

Rule:lIf a2c+d =0 An?+2 (p+1) ==0 A n ¢ Z,then
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(1-anx) (c+d XZ)P"l @nArcTanh [ax]

JXZ (C +dx2)PenArcTanh[ax] dx —
adn (n”-1)

Program code:

Int[x_"2* (c_+d_.*x_"2)"p_.*E~ (n_xArcTanh[a_.xx_]),x_Symbol] :=
(1-axnxX) * (cC+d*xx"2) ~ (p+1) *E” (n*ArcTanh[a*x]) / (a*dxn* (n*2-1)) /;
FreeQ[{a,c,d,n},x] && EqQ[a*2xc+d,0] &&% EqQ[n”2+2x (p+1),0] && Not[IntegerQ[n]]

2: sz (c+dx?)PerArcTamhiax] gx when a®c+d=@ A p<-1An¢zZ An>-4(p+1)2+0

Derivation: Algebraic expansion and ?7?

Basis: x2 (c+dx?)P = - ¢ (cxdx)? | [crdxd)P
d d

Rule:if a?2c+d =0 Ap<-1Ane¢Z An®2-4 (p+1)2+0,then

C 1
sz (C + de)PenAr‘cTanh[ax] dX —s -— J(C +dx2)penArcTanh[ax] dx + — J(c N dxz)p+1 enAr‘cTanh[ax] dx
d d

(n+2 (p+1) ax) (c+dx2)P? gnArcTanhiax] n2+2 (p+1)
- +

. j(c " dXZ)P+1 enAr‘cTanh[ax] dx
)

ad (n*-4 (p+1)?) d(n?-4(p+1)2

Program code:

Int[x_"2%(c_+d_.*x_"2)~p_x»E~(n_xArcTanh[a_.*x_]),x_Symbol] :=
- (N+2% (p+1) *a*X) * (c+d*x”2) * (p+1) *E” (nxArcTanh[axx]) / (a*d* (n*2-4x (p+1)"2)) +
(N"2+2% (p+1) ) / (dx (n*2-4% (p+1) 22) ) *Int [ (c+d*x~2) A (p+1) *xE~ (n*xArcTanh [a%x]) ,X] /;
FreeQ[{a,c,d,n},x] &% EqQ[a”2xc+d,0] &% LtQ[p,-1] &% Not[IntegerQ[n]] && NeQ[n"2-4x (p+1)”~2,0] && IntegerQ[2xp]
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

3. J-xm (c +dx2)pe"A"°Ta"h[“] dx whena?c+d=0 A (peZ V c>0)

1. Jx"‘ (c+dx2)"e"""““h[“] dx whena?c+d=0 A (peZ V c>0) A ";1 ez

1: jx’" (c+dx?)PenAreTanhiax] qx when a?c+d=@ A (peZ V €>0) A "z;leT

Derivation: Algebraic simplification

Basis: @nAr‘cTanh[z] . _(1+z)"

- <1_22>n/2

Rule:If a®c+d =0 A (pez V c>0) A ML ez, then

(L+ax)”

XM (C +dx2)PenAr‘cTanh[ax] dx —s cP | xM (1 _ a2 XZ)P
(1-a2x?)"?

dx — c”J.x’" (1-a%x)P7 (1+ax)"dx

Program code:

Int[x_"m_.*(c_+d_.*x_"2)"p_.*E”~(n_.*ArcTanh[a_.*x_]),x_Symbol] :=
crpxInt [ X "m* (1-a”*2xx"2) ~ (p-n/2) * (1+a*X)*n,x] /;
FreeQ[{a,c,d,m,p},x] &% EqQ[a”2xc+d,0] && (IntegerQ[p] || GtQ[c,0]) && IGtQ[ (n+1l)/2,0] && Not[IntegerQ[p-n/2]]



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

2: Jx"‘ (c+dx2)"e"““Ta"“[a"] dx when a?c+d=0 A (peZ V c>0) A "2;162‘

Derivation: Algebraic simplification

/2
Basis: enArcTanh([z] __ (1*22)n

o (1-z)"

Rule:If a>c+d =0 A (pez V c>0) A L ez, then

(1—a2 xz)"/2 X" (1-a2 xz)p";
x™" (c+dx2)pe"“"Ta"h[“] dx — cP | x" (1—a2 xz)p ——dx — c? | ————————dx

(1-ax)" (1-ax)"

Program code:

Int[x_~m_.*(c_+d_.*x_"2)"p_.*E”(n_xArcTanh[a_.x*x_]),x_Symbol] :=
crpxInt [ X "m*x (1-a”*2xx"2)~ (p+n/2) / (1-a*X)*n,x] /;
FreeQ[{a,c,d,m,p},x] &% EqQ[a”2xc+d,0] && (IntegerQ[p] || GtQ[c,0]) &&% ILtQ[ (n-1)/2,0] &&% Not[IntegerQ[p-n/2]]
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

2: fx'" (c +dx2)pe“"”"h[a"] dx when a?c+d=0 A (peZ V c>0)

Derivation: Algebraic simplification
Basis:If a?c+d =0 A (peZ V c>80),then (c+dx?)”

Basis: @"ArcTanh(z] __ (1+z)"/2
° (1—Z)n/2

Rule:If a2c+d =0 A (peZ V ¢ >0),then

jx"' (c +dx2)pe"A"CTa“h[“] dx — cP Jx"‘ (1-ax)P 1+ax)?

Program code:

Int[x_"m_.*(c_+d_.*x_"2)"p_.*E~(n_.*ArcTanh[a_.*x_]),x_Symbol] :=
cApxInt [ X m* (1-a*X) * (p-n/2) » (1+a%x)~ (p+n/2),x] /;
FreeQ[{a,c,d,m,n,p},x] & & EqQ[a*2xc+d,0] && (IntegerQ[p] || GtQ[c,0])

(1+ax)"?

=cP(l-ax)P (1+ax)P

dx — c? [x"(1-ax)P7 (L+ax)Pz7dx
(1_ax)n/2
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

4, J-xm (c +dx2)pe"A"°Ta"h[“] dx when a?c+d=0 A -~ (peZ V c>0)

1. jx"‘ (c +dx2)"e"""““h[“] dx when a?c+d=0 A -

1: jx’" (c+dx?)? enAreTanhiaxl gy when a2c +d==0

Derivation: Algebraic simplification

Basis: (enAr‘cTanh[z] . _(1+z)"

- <1_22>n/2

Basis:If a?c+d =08 A 5 ez,then (1-2a*x?)"

2

(pez vV c>0) A %ez

A-(PEZ V Cc>0) A gez*

n/2 _ c”/z <C+dxz>—n/2

Rule:lf a2c+d =0 A - (pez V c>0) A ez, then
1 n n
jxm (c+dx?)PenhrcTanhiax] qx jx’" (c+dx2)”—( ( +2a)2(; —dx — c"? jx’" (c+dx*)P77 (1+ax)"dx
1-azx?)"

Program code:

Int[x_"m_.x(c_+d_.xx_"2)"p_.*E”(n_xArcTanh[a_.*x_]),x_Symbol] :=

cr(n/2) *Int [x mx (C+d*x"2)~ (p-n/2) » (1+a*x)*n,x] /;
FreeQ[{a,c,d,m,p},x] && EqQ[a”2xc+d,0] && Not[IntegerQ[p]

|| GtQ[c,0]] && IGtQ[n/2,0]
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

2: Jx"‘ (c+dx2)pe"““Ta"“[a"] dx when a?c+d=0 A - (p€EZ V c>0) A geZ‘

Derivation: Algebraic simplification

/2
Basis: enArcTanh([z] __ {1*22)n

S (1-z)"

Basis: If a%c+d =@ A J €Z,then (1-a? xz)"/2 == cnl/’z (c+dx2)n/2

Rule:lf a2c+d =0 A - (pez V c>0) A J ez, then

(1-a2x?)"?

1-ax)"

Jx’“ (c +dx2)pe"A"Ta"h[“] dx — [ x" (c+dx*)P ————dx —

Program code:

Int[x_~m_.*(c_+d_.*x_"2)"p_.*E”(n_xArcTanh[a_.*x_]),x_Symbol] :=
1/c”(n/2) *Int [x mx (C+d*x"2)~ (p+n/2) / (1-a*x)*n,x] /;
FreeQ[{a,c,d,m,p},x] &% EqQ[a”2xc+d,0] && Not[IntegerQ[p] || GtQ[c,0]] && ILtQ[n/2,0]

cn/Z

J

X" (c +d xz)p";

(1-ax)"
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

2: Jx'" (c+dx2)"e“‘“‘”a"h[a"] dx when a?c+d=0 A -~ (peZ V c>0) A ggt.z

Derivation: Piecewise constant extraction

+ 2 P
Basis: If a2 ¢ + d == 0, then 64 %%ZXXZ))_F) -9

Rule:if a?2c+d =0 A = (peZ V c>0) A > ¢ z,then

cIntPart[p] (c +d Xz) FracPart[p]

jxm (C +d XZ)P enAr‘cTanh[ax] dx —s Xm (1 _ a2 XZ)P enAr‘cTanh[ax] dx

(1 _ 32 X2) FracPart[p]

Program code:

Int[x_~m_.*(c_+d_.*x_"2)"p_=*E~(n_.*ArcTanh[a_.*x_]),x_Symbol] :=
cIntPart[p]* (c+d*x”2) ~AFracPart[p]/ (1-a”2xx~2) *FracPart[p] *Int [x"mx (1-a”2xx*2) *p*E” (nxArcTanh[a*x]) ,Xx] /;
FreeQ[{a,c,d,m,n,p},x] &% EqQ[a”2xc+d,0] &% Not[IntegerQ[p] || GtQ[c,0]] && Not[IntegerQ[n/2]]

23



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

3. J-u (c+ dxz)p e"AreTanhiax] gy when a2c+d==0

1: Ju (c+dx?)PerAreTanhiaxl qx when a?c+d=8 A (peZ V c>0)

Derivation: Algebraic simplification

Basis: @"ArcTanh(z] __ (1+z)"/2
° <172)n/2

Basis: (1-22)" = (1-2)P (1+2)P
Rule:If a2c+d =0 A (peZ V ¢ >0),then

ju (c+dx2)pe"A"CTa"h[”] dx — cP Ju (1-ax)?P (L+ax)?

Program code:

Int[u_=*(c_+d_.*x_"2)"p_.*E~(n_.*ArcTanh[a_.*x_]),x_Symbol] :=
c p*Int[ux (1-axx)”~(p-n/2) * (1+a*xx)~(p+n/2),x] /;
FreeQ[{a,c,d,n,p},x] & EqQ[a”~2xc+d,0] && (IntegerQ[p] || GtQ[c,0])

(L+ax)"?

(1_ax)n/2

dx — cpju (1-ax)Pz (1+ax)Pzdx
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

2. J-u (c+dx2)pe"ArCTa"h[aX] dx when a?c+d=0 A -~ (peZ V c>0)

1: ju (c+dx?)PenAreTanhiaxl gx when a?c+d=08 A - (PEZ V c>0) A Tez

Derivation: Piecewise constant extraction

(c+dx?)P
1-ax)P (1+ax)P

Basis: If a? ¢ + d == 0, then 64 ( =0

Basis: @"ArcTanh(z] __ (1+z)"/2
° <172)n/2

Rule:If a2 c+d =0 A - (pez V c>0) A J ez,then
CIntPar‘t[p] (c+dxz)Fr‘acPart[p] . .
u(l-ax)?z7 (1+ax)Prdx

u (C +d XZ)PenArcTanh[ax] dx —
(1-ax) FracPart[p] (1+ax) FracPart[p]

Program code:

Int[u_=*(c_+d_.*x_"2)"p_*E”(n_xArcTanh[a_.*Xx_]),x_Symbol] :=
c IntPart[p] * (c+d%xx”2) *FracPart[p]/ ((1-a*x) *FracPart[p] * (1+a*x) “FracPart[p]) *
Int[ux (1-axx)~(p-n/2) % (L+a*x)~ (p+n/2),x] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[a”“2xc+d,0] && Not[IntegerQ[p] || GtQ[c,0]] &% IntegerQ[n/2]

2: ju (c+dx?)PerArcTanhiaxl gx when a?c+d=@ A - (PE€Z V c>0) A S¢z

Derivation: Piecewise constant extraction

+d x2\P
Basis: If a% ¢ + d == 9, then Oy % -9

Rule:lf a2c+d =0 A = (peZ V c>0) A

NS

¢ Z,then



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

cIntPart[p] (C +d Xz) FracPart[p]

Ju (C +d XZ)P enAr‘cTanh[ax] dx — u (1 _ az xz)p enAr‘cTanh[ax] dx

(1 _ az XZ) FracPart[p]

Program code:

Int[u_=* (c_+d_.*x_"2)"p_=*E~(n_.*ArcTanh[a_.x*x_]) ,x_Symbol] :=
c~IntPart[p]* (c+d*x”2) ~AFracPart[p]/ (1-a”*2xx~2)*FracPart[p]*Int[u* (1-a*2xx"2) "p*E” (nxArcTanh[axx]) ,x] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[a”2xc+d,0] && Not[IntegerQ[p] || GtQ[c,09]] && Not[IntegerQ[n/2]]

p
5. ju (c + —) enAreTanhiaxl gy when c +a2d == 0

d\p
1: Ju (c+—2] @nArcTanhiax] gy when c+a?d=0 A pez
X

Derivation: Algebraic simplification

Basis:If c +a®d =0 A pezthen (c+ &)° = S5 (1-a%x?)°

2
Rule:If c +a?d ==0 A p € Z,then

p
ulc+ i enArcTanh[a X] dx —s dP u (1 _ a2 XZ)P enAr‘cTanh[a x] dx
XZ X2p

Program code:

Int[u_.x(c_+d_./x_"2)"p_.*E~(n_.+*ArcTanh[a_.*x_]),x_Symbol] :=
d*p*xInt [u/x” (2xp) * (1-a*2xx"2) *p*E” (nxArcTanh[axXx]) ,x] /;
FreeQ[{a,c,d,n},x] && EqQ[c+a”2xd,0] && IntegerQ[p]



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

d\p
2. Ju (c + —] @"ArcTanhiaxl gy when c +a2d=0 A p¢zZ

d\r
1. Ju (c+ —2] @M ArcTanhiax] gy when c+a?d=0 A p¢Z A %ez
X

d\r nArcTanh[ax 2 n
1: Ju c+—| e [ax] @dx when c + a d=@ Ap¢Z A J€Z AC>0
X

Derivation: Algebraic simplification
Basis: (1-22)" = (1-2)P (1+2)P
Rule:lff c+a*?d=0 Ap¢z A S ez Ac>0,then

Ju (C + i)penAr‘cTanh[ax] dx — cp ju [1 _ 1 )penArcTanh[ax] dx —s cp Ju [1 _ i]p (1 ¥ i)penAr‘cTanh[ax] dx
x? a? x? ax ax

Program code:

Int[u_.*(c_+d_./x_"2)"p_*E~(n_xArcTanh[a_.*x_]),x_Symbol] :=
cpxInt[ux (1-1/ (a*x) ) “p* (1+1/ (axx) ) *p*E” (nxArcTanh[a*x]) ,x] /;
FreeQ[{a,c,d,p},x] &% EqQ[c+a”2xd,0] &% Not[IntegerQ[p]] && IntegerQ[n/2] &% GtQ[c,0]
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

d\r
2: Ju [c+—2] @"ArcTanhiax] gy when c+a2d=0 A p¢Z A %ez AcC3O
X

Derivation: Piecewise constant extraction

x2P (c+j—2)p

1-ax)P (1+ax)P

Basis: If ¢ + a%>d == 0, then 64 ( =0

Rule:lif c+a*d=0 Ap¢Z A JeZ A c»o,then

p
d\p x2P (c + %)
nArcTanh[a x] X
ujc+ e dx —
[ xz]

(1-ax)P (1+ax)P

u
J— (1-ax)P (1+ax)PenhreTanhiax] gy
x2P

Program code:

Int[u_.*(c_+d_./x_"2)"p_=*E~(n_xArcTanh[a_.*x_]),x_Symbol]
X" (2%p) * (c+d/x*2) *p/ ((1-a*X) *p* (1+a*Xx) *p) *Int [u/X” (2xp) * (1-axX) *p* (1+a*x) *p*E” (nxArcTanh[a*x]) ,x] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[c+a”2xd,0] && Not[IntegerQ[p]] && IntegerQ[n/2] && Not[GtQ[c,0]]
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

d\p
2: ju [c + —2] @"ArcTamhiax] gy when c+a2d=0 A p¢Z A %ez
X
Derivation: Piecewise constant extraction
x2P (c+ )P

‘o 24 )
Basis: If ¢ + a* d == @, then Oy L) 0

Rule:lfc +a*d =@ A pe¢z A T ¢z, then
x“’(c+xi)p u

d\r
ulc+ — enAr‘cTanh[ax] dx — (1 _ a2 XZ)P enAr‘cTanh[ax] dx
x2 (l_az Xz)p x2P

Program code:

Int[u_.*(c_+d_./x_"2)"p_*E~(n_.*ArcTanh[a_.*x_]),x_Symbol] :=
XA (2%p) * (c+d/x*2) *p/ (L+c*x*2/d) *pxInt [u/x" (2xp) * (1+c*xx"2/d) *p*E” (nxArcTanh[a*x]) ,x] /;
FreeQ[{a,c,d,n,p},x] &% EgqQ[c+a”2xd,0] && Not[IntegerQ[p]] && Not[IntegerQ[n/2]]



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

2 ju enAr‘cTanh[a+bx] dx

1: JenArcTanh[c (a+bx) ] dx

Derivation: Algebraic simplification

Basis: @"ArcTanh(z] __ (1+z)"/2
° <172)n/2

Rule:

(l+ac+bcx)™?
jenArcTanh[c @+bx)] qy j d

(l-ac-bcx)"?

Program code:

Int[E~(n_.*ArcTanh[c_.x(a_+b_.*x_)1),x_Symbol] :=
Int[ (1+a*c+bxcxx)”~(n/2)/ (1-axc-bxcxx)”*(n/2),x] /;
FreeQ[{a,b,c,n},x]

X
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

2. J(d + ex)m enArcTanh[c (a+bx) ] dx

1: Jxm @nAreTanhic (a+bX)1 gy whenmez~ A -1<n<1

Derivation: Algebraic simplification and integration by substitution

Basis: @"ArcTanh(z] __ (1+z)"/2
° <172)n/2
Basis:If mez A -1 <n < 1,then

M (1rc (athx))V2 4 gupst | X ltmacx(1ac) )t (1+c (asbx))"2 | 5 (l+c (a+bx))"/2
(1-c (a+bx))n/2 n pm+1 ¢m+l (14x2/n) "2 2 7 (1-c (a+bx) )2 X (1-c (a+bx))"/2

Note: There should be an algebraic substitution rule that makes this rule redundant.
Rule:lf mez~ A -1 <n<1,then

/2
J.xm ehArcTanhic (a+bx)] gy _, Jxm (1+c(a+bx))" dx
(1-c (a+bx))"?

4 X2/ (-1-ac+ (1-ac)x2/")" (1+c(a+bx))"?
— —Subst[ dx, x,
n ™1 cmel (1+X2/n)m+2 (L-c (a+bx))"?

Program code:

Int[x_~m_xE” (n_xArcTanh[c_.*(a_+b_.*x_)]),x_Symbol] :=
4/ (nxb™ (Mm+1) xc™ (m+1) )
Subst [Int[x”(2/n)* (-1-a*C+ (1-a%c) *x”(2/n) ) m/ (1+x”(2/n) )~ (m+2) ,X],X, (1+C* (a+b*xx) )~ (n/2)/ (1-cx (a+bxx))~(n/2)] /;
FreeQ[{a,b,c},x] &% ILtQ[m,0] && LtQ[-1,n,1]



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

2: J.(d " ex)m enAr‘cTanh[c (a+bx)] dx

Derivation: Algebraic simplification

Basis: @"ArcTanh(z] __ (1+z)"/2
° (1—Z)n/2

Rule:

n/2
J(d+ex)menArcTanh[c (a+bx) ] dx — j(d+ex)"‘ (1+aC+bCX) dx
(l-ac-bcx)"?

Program code:

Int[(d_.+e_.*x_)"m_.*E~(n_.*ArcTanh[c_.*(a_+b_.*x_)]),x_Symbol] :=
Int[ (d+exx) “m% (1+axc+bxcxx) " (n/2) / (1-axc-bxcxx)”~(n/2),x] /;
FreeQ[{a,b,c,d,e,m,n},x]

3. Ju (c+dx+ex?)Pentretamiabx] gx when bd=2ae A b’c+e (1-a2) =0

1-a?

1: Ju (c+dx+ex?)PenhreTamhiabx] gx when bd=2ae A b’c+e (1-a2) =0 A (pez vV =5 >0)

Derivation: Algebraic simplification

Basis:If bd ==2ae A b’c+e (1-a%) =0,thenc+dx+ex® = (1- (a+bx)?

1-a2
Basis: (1-2%)P = (1-2)P (1+2)°P

Basis: (enAr‘cTanh[z] __ (A+z)"2
’ (1-z)n2

Rule:lff bd = 2ae A b*c+e(1-a%) =@ A (pez V 5 >0),then

C

p
J.u (C +dx+ex2)PenAr‘cTanh[a+bx] dx — ( ) -J.u (1_ (a+ bX)Z)PenAr‘cTanh[a+bx] dx

1-a?
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents 33

c \p
—)( ] fu(l—a—bx)"(l+a+bx)"

(L+a+bx)"2

(L-a-bx)"2

c \p
= ( 2) Ju (1-a-bx)P"2 (1+a+bx)P"2dx

Program code:

Int[u_.*(c_+d_.*x_+e_.*x_"2)~p_.*E*(n_.xArcTanh[a_+b_.*x_]),x_Symbol] :=
(c/ (1-a”2) ) *pxInt[u*x (1-a-bxx)~ (p-n/2) * (1+a+b*x) ~ (p+n/2) ,x] /;
FreeQ[{a,b,c,d,e,n,p},x] & & EqQ[bxd-2xaxe,0] && EqQ[b"2xc+e(1-a”"2),0] & & (IntegerQ[p] || GtQ[c/(1-a"2),0])

2: Ju (C+dx+ex2)PenArcTanh[a+bx] dx whenbd=2ae A b2c+e (1—32) =0 A - (peZ V; 1_Caz >0)

Derivation: Piecewise constant extraction

., o 2 _ 2 o <C+d X+eX2>p o
Basis:If bd ==2ae A b?c+e (1-a?) ==0,thendy e 20000 &

Rule:if bd = 2ae Ab*c+e (1-a%) =8 A - (pezV 55 >0),then

(c+dx+ex2)p

ju (C +dx+ex2)PenAr‘cTanh[a+bx] dx — ju (1_a2 -2abx- b2 XZ)PenAr‘cTanh[a+bx] dx
)P

(1-a?-2abx-b*x?

Program code:

Int[u_.x(c_+d_.xx_+e_.*x_"2)"p_.*E~(n_.xArcTanh[a_+b_.*x_]),x_Symbol] :=
(c+dxx+exx"2) *p/ (1-a*2-2xaxbxx-b"2xx*2) *pxInt [ux (1-a*2-2xaxbxx-b"2xx"2) *p*E” (nxArcTanh[axXx]) ,x] /;
FreeQ[{a,b,c,d,e,n,p},x] & & EqQ[bxd-2xaxe,0] && EqQ[b”*2xc+e (1-a”2),0] && Not[IntegerQ[p] || GtQ[c/ (1-a"2),0]]



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

3: Ju enArcTanh[afT] dx

Derivation: Algebraic simplification
Basis: ArcTanh[z] = ArcCoth| > ]

Rule:

Ju e ] ax Ju enarecoth[ 2] gy

Program code:

Int[u_.*E~(n_.*ArcTanh[c_./(a_.+b_.*x_)]),x_Symbol] :=
Int[uxE” (nxArcCoth[a/c+bxx/c]) ,x] /;
FreeQ[{a,b,c,n},Xx]
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Rules for integrands involving exponentials of inverse hyperbolic cotangents

1 ju en ArcCoth[a x] dx

1: Ju enArecothiaxl gy when %ez

Derivation: Algebraic simplification

Basis: |f% c Z,then el ArcCoth[z] __ (_1> n/2 e ArcTanh[z]

Rule: If% € 7, then

Ju enArcCoth[ax] dx —» (_1)n/2 fu enArcTanh[ax] dx

Program code:

Int[u_.*E”*(n_xArcCoth[a_.*x_]),x_Symbol] :=
(-1)~(n/2) *Int [uxE” (nxArcTanh[a*x]) ,x] /;
FreeQ[a,x] && IntegerQ[n/2]

2. Ju enArecothiaxl gy when %e z
1. Xm en ArcCoth[a x] dx when % ¢Z
1. J.x'“ enArecothiaxl gy when %é Z AMEZ

1: jx'“ e"Arccothlax]l gy when % €Z Amez

Derivation: Algebraic simplification and integration by substitution
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

Basis: e" ArcCoth[z] __

Basis:F[%] == _Subst[ﬂ%]-, X, %} @X%

Rule: If% €7 A meZ,then

1 +

Jxm enAr‘cCoth[ax] dx —s J (1+ ax)
1\m 1 n-1 1
()" (

i_)ﬁ—
ax

Program code:

Int[E~(n_.*ArcCoth[a_.*x_]),x_Symbol] :=

-Subst[Int[ (1+x/a)”~((n+1)/2)/ (x"2%(1-x/a)”~((n-1)/2) *Sqrt[1-x*2/a"2]),x],X,1/x] /;

FreeQ[a,x] && IntegerQ[ (n-1)/2]

Int[x_"m_.*E~(n_.*ArcCoth[a_.*x_]),x_Symbol] :=

-Subst[Int[ (1+x/a)”~((n+1)/2) /(X" (M+2) » (1-x/a) "~ ((n-1) /2) x*Sqrt[1-x"2/a"2]),x],X,1/x] /;

FreeQ[a,x] && IntegerQ[ (n-1)/2] &% IntegerQ[m]

2: | x"enArcCothlax] gy whenn¢z A mez

Derivation: Algebraic simplification and integration by substitution

Basis: " ArcCoth[z] __ ts

Rule:lfn ¢z A me z,then

1+%)% 1

dx — —Subst[J
X

T 42
2) -
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

1 n/2 )n/2 1
J\ X" @nArcCothfax] gy _ J\ RV dx —s SUbSt[J\—a/z dx, X, _]
_ )n me2 [q _ 5)n X
a

Program code:

Int[E~(n_xArcCoth[a_.*x_]),x_Symbol] :=
-Subst[Int[ (1+x/a)”~(n/2)/ (x 2% (1-x/a)~(n/2)),x],Xx,1/x] /;
FreeQ[{a,n},x] && Not[IntegerQ[n]]

Int[x_”"m_.*E~(n_xArcCoth[a_.*x_]),x_Symbol] :=
-Subst[Int[ (1+x/a)~(n/2)/ (x*(m+2) % (1-x/a)~(n/2)) ,x],X,1/x] /;
FreeQ[{a,n},x] && Not[IntegerQ[n]] && IntegerQ[m]



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

2. jx'“ enArecothiaxl gy when %e ZAMEZ

1: | x™ e"Arecothlax] gx when % €EZ AM¢Z

Derivation: Algebraic simplification, piecewise constant extraction and integration by substitution!

Basis: e" ArcCoth[z] __

Rule: If% €Z A m¢Z,then

1= xy oL
1)\n (1+55)7 1ym (1+%)73 1
XM @nArccothlax] gy _, xm [—) 2 dx — -x" (—) Subst[ = dx, X, —]
X . X _ X
1 _ L 1

Program code:

Int[x_~m_xE” (n_.*ArcCoth[a_.*x_]),x_Symbol] :=
-x"mx (1/x) *m*Subst [Int[ (1+x/a)~ ((n+1) /2) / (X" (M+2) » (1-x/a)*((n-1) /2) *Sqrt[1-x"*2/a"2]) ,x],X,1/x] /;
FreeQ[{a,m},x] && IntegerQ[ (n-1)/2] && Not[IntegerQ[m]]

2: | x"enArcCothlaxl gy whenn¢z A me¢z

Derivation: Algebraic simplification, piecewise constant extraction and integration by substitution!
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Basis: (enAr‘cCoth[z] _ (_;
Basis: Oy (X" (%)’") -
Basis:F[ 1] = -Subst[ELXL, x, 1] 5,1

Rule:lfn ¢z A m¢ z,then

m _nArcCoth 1\m (1 * aLx)n/2 1\ (1 * f)n/z
x"e X7 ax — x" [ = — 2 dx — X" |- Subst[ — 3l ax, x,
X (l)m (1_L)n/2 X XM+2 (1_5)n/2
X

a

Program code:

Int[x_~m_=%E~ (n_xArcCoth[a_.*x_]),x_Symbol] :=
-x*m#* (1/x) *mxSubst [Int[ (1+x/a)”~(n/2) / (x*(m+2) * (1-x/a)~(n/2)),x],X,1/x] /;
FreeQ[{a,m,n},x] &% Not[IntegerQ[n]] && Not[IntegerQ[m]]

2. Ju (c +dx)P enhrecothlax] gy when a2 c2-d2=0 A §$Z

1: J(c +d x)P enArecothiaxl gy whenac+d=0 A p == ggz

Rule:lif ac+d=0 A p= 7 ¢2z,then

(1+ax) (C +d)()p(EnArcCoth[ax]

J(c " dx)penAr‘cCoth[ax] dx —
a(p+1)

Program code:

Int[(c_+d_.*x_)"p_.*E~(n_.*ArcCoth[a_.*x_]),x_Symbol] :=
(1+a*x) * (c+d*x) *p*E” (nxArcCoth[axx]) / (ax (p+1)) /;
FreeQ[{a,c,d,n,p},x] &% EgqQ[axc+d,0] && EqQ[p,n/2] && Not[IntegerQ[n/2]]

]
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

X. jx'“ (c+dx)Penhrecothlax] gy whenac+d=0 A %ez AMEZ

1: [ x" (c +dx)PerArccothiax] gy whenac+d=0 A %ez AMEZ ApPeZ

Derivation: Algebraic simplification and integration by substitution

Basis: If n e z, then e"Arccothiax] — (_a)"c"x" (c-acx) ™" (1- azlxz)”/z
Basis:F[ﬂ = —Subst[F—%L, X, ﬂ @X%
Rule:ifac+d=08 A =2 ez Amez A p e zthen

)n/2

1 \n/2 (d+cx)Pn (1— X 1
m nArcCoth[ax] n _.n m+n -n n .n a’
X" (c+dx)Pe dx — (-a)"c X" (c+dx)P" |1 - dx — -(-a)"c"Subst dx, x, —
2.2 2
a‘x xm+P* X

Program code:

(* Int[(c_+d_.*x_)"p_.*E~(n_.*ArcCoth[a_.*x_]),x_Symbol] :=
- (-a)*nxc*nxSubst [Int [ (d+c*Xx)” (p-n) * (1-x*2/a*2) "~ (n/2) /x™(p+2) ,X],X,1/x] /;
FreeQ[{a,c,d},x] & EqQ[axc+d,0] && IntegerQ[ (n-1)/2] && IntegerQ[p] =*)

(* Int[x_"m_.*(c_+d_.*x_)"p_.*E”(n_.xArcCoth[a_.*x_]),x_Symbol] :=
- (-a)*nxc*n*xSubst [Int[ (d+cxXx)~ (p-n) * (1-x*2/a*2) "~ (n/2) /x™ (m+p+2) ,X] ,X,1/x] /;
FreeQ[{a,c,d},x] & EqQ[axc+d,0] &% IntegerQ[ (n-1)/2] && IntegerQ[m] && IntegerQ[p] =*)



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents 41

2: [ x" (c+dx)Penhrecothiax] gy whenac+d=0 A uez AMEZ A p—— ez

Derivation: Algebraic simplification, integration by substitution and piecewise constant extraction!

Basis: If n € Z,then (c - acx)"eMArccothlax] — (_g)nc"x" (1 - —212)"/2
as X
Basis: F | 1] = —Subst[—mx’z‘ » X, Loyt

Basis: Oy erdx g
X/?«/d+i

Rule:if ac+d=0 A ez AmeZ Ap- 7 ez,then

m p .nArcCoth[ax] n _.n m+n p-n 1 n/2
X" (c+dx)Pe dx — (-a)"c" |x (c +dx) 1- - dx
a” X

1 /2 _n/z
(-a)"c" c+dx azxz)n (a) ch C+dx (d+cx)pn l—a) 1
dx Su bst[ dx, X, —]

l m+p m+p+2 X
x ,‘/ '

Program code:

(* Int[(c_+d_.*x_)"p_.*E~(n_.*ArcCoth[a_.*x_]),x_Symbol] :=
- (-a) *nxc nxSqrt[c+dxx]/ (Sqrt [x] *Sqrt[d+c/x]) *Subst [Int[ (d+cxX)” (p-n) * (1-x*2/a”2) "~ (n/2) /X" (p+2) ,X] ,X,1/Xx] /;
FreeQ[{a,c,d},x] & EqQ[axc+d,0] &% IntegerQ[ (n-1)/2] && IntegerQ[p-1/2] =*)

(* Int[x_"m_.*(c_+d_.*x_)"p_.*E~(n_.xArcCoth[a_.*x_]),x_Symbol] :=
- (-a) *nxc nxSqrt[c+dxx]/ (Sqrt [x] *Sqrt[d+c/x]) *Subst [Int[ (d+cxXx) " (p-n) *x (1-x*2/a”2)*(n/2) /X" (m+p+2) ,X] ,X,1/x] /;
FreeQ[{a,c,d},x] & EqQ[axc+d,0] &% IntegerQ[ (n-1)/2] && IntegerQ[m] && IntegerQ[p-1/2] *)



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

1: ju (c +dx)Penhrecothlax] gy when a2c2-d2==0 A §¢Z ApEeZ

Derivation: Algebraic simplification
Basis: If p € z,then (c+dx)P =dPxP (1+ i)p
Rule:If a2 c®>-d* =@ A 2 ¢ Z A p € Z,then

c
Ju (c +dx)Penhrecothlax] gy _, gp Ju xP (1+ —
dx

Program code:

Int[u_.x(c_+d_.*x_)~p_.*E~(n_.*ArcCoth[a_.*x_]),x_Symbol] :=
d pxInt [uxx*p* (1+c/ (d*Xx) ) *p*E” (nxArcCoth[axXx]) ,x] /;
FreeQ[{a,c,d,n},x] && EqQ[a”2xc”2-d"2,0] &&% Not[IntegerQ[n/2]] && IntegerQ[p]

p
) enAr‘cCo‘th[ax] dx
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

2: ju (c +dx)Penhrecothlax] gy when a2c2-d2==0 A §¢Z ApPeEZ

Derivation: Piecewise constant extraction

Basis: Oy X_(mw’_ -0

P (1+i>p

Rule:If a?c®>-d* =0 A 2 ¢Z A p ¢ Z,then
u (c+dx)Penhrecothiaxl gy _, e 4 fop (1+i
X (14 )P dx

Program code:

Int[u_.*(c_+d_.*x_)~p_+E~(n_.xArcCoth[a_.*x_]),x_Symbol] :=
(c+dxx) *p/ (X p* (1+c/ (dxx) ) *p) *Int [uxx"px (1+c/ (d*X) ) *p*E~ (nxArcCoth[a*x]) ,x] /;
FreeQ[{a,c,d,n,p},x] &% EqQ[a*2xc”2-d"2,0] && Not[IntegerQ[n/2]] && Not[IntegerQ[p]]

p
) enAr‘cCoth[ax] dx
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents 44

dyp
3. J-u (c + —) e"Arccothlax] gy when c2 -a2d?==0 A 2 ¢z
X

dyp
1. Jx'“ (c + —] e"Arccothlax]l gy when c2 - a2d?==0 A gez A (PEZ V c>0)
X

dyp
1. jx'" (c+—) @"Arccothiax]l gy when c2-a2d?2==0 A gez A (PEZ V C>0) AMeZ
X

dyp
1: Jx’" (c+—) ehArccothiaxl gy when c+ad=0 A 22 ez Amez A (pez vp-7=0Vvp-3-1=8)

X 2

Derivation: Algebraic simplification and integration by substitution

Basis:If c+ad==0 A nezthen (c+ 4)" gnArcCothlax] __ ¢en (9 _ _1_\N/2
X a? x?
e 1] __ F[x 1 1
Basis: F | L] = -Subst| DL, x, L] okt

Note: The conditionp e Z Vv p - % =0 V p- % -1 == @ should be removed when the rules for integrands of the form

(d+ex)" (F+gx)" (a+bx+cx)Pwhenc d?> - bd e + ae? == @ are strengthened.

Rule:If c+ad =9 A r‘;—lez A m e Z,then
d\p-n 1 \n/2 - X2\ /2
C+ = 1--= (c+dx)P"(1-%
x" (c+ g)pe"""c“h[“] dx — c" ( x) ( 2x ) dx — -c" Subst[ ( = ) dx, X, l]
X (1)m xm+2 X

Program code:

Int[(c_+d_./x_)"p_.*E~(n_.*ArcCoth[a_.*x_]),x_Symbol] :=
-c*n*Subst [Int[ (c+d*x)~ (p-n) * (1-x"*2/a”*2)~(n/2) /x*2,x],X,1/x] /;
FreeQ[{a,c,d,p},x] &% EqQ[c+axd,0] && IntegerQ[(n-1)/2] && (IntegerQ[p] || EqQ[p,n/2] || EqQ[p,n/2+1]) && IntegerQ[2xp]

Int[x_"m_.x(c_+d_./x_)"p_.*E~(n_.*ArcCoth[a_.*x_]),x_Symbol] :=
-c*n*Subst [Int[ (c+d*x)~ (p-n) * (1-x*2/a*2)~(n/2) /x* (m+2) ,X] ,X,1/x] /;
FreeQ[{a,c,d,p},x] &% EqQ[c+axd,0] && IntegerQ[ (n-1)/2] && IntegerQ[m] && (IntegerQ[p] || EgqQ[p,n/2] || EqQ[p,n/2+1] || LtQ[-5,m,-1]) && Inte



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

dyp
2: Jx"‘ (c+—) @"ArcCothiax]l gy when c2 - a2d?==0 A %ez A (PEZ V C>0) AmezZ
X

Derivation: Algebraic simplification and integration by substitution

Basis: e"ArcCoth(z] __ <1_+£
(17§)n/2
is: l - F[x l l
Basis: F | =] = -Subst| FXL, x, 1] o, 1

Note: Since c* - a* d* == @, the factor (1. ¢)" will combine with the factor (1. )~ or (1- %),

Rule:If c>-a*d* =@ A 2 ¢Z A (peZ V c>0) AmeZthen

14+ L)n/2 (1+d_x)P 14+ 2)"2
X" (C . g)p @nArcCoth[ax] gy _, P 1 [1 " i]p % dx —s -cP Subst[ < ( a) dx, X, 1]
x (3 U ex) oz v (1%)7 x

a

Program code:

Int[ (c_+d_./x_)"p_.*E~(n_.xArcCoth[a_.*x_]),x_Symbol] :=
-c”pxSubst[Int[ (1+d*x/c)*p* (1+x/a)~(n/2) / (x*2x (1-x/a)”~(n/2)),x],x,1/x] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[c”2-a”2xd"2,0] && Not[IntegerQ[n/2]] && (IntegerQ[p] || GtQ[c,0])

Int[x_"m_.x(c_+d_./x_)"p_.*xE~(n_.*ArcCoth[a_.xx_]),x_Symbol] :=
-c”pxSubst [Int[ (1+d*x/c)~p* (1+Xx/a)”(n/2) / (X (m+2) * (1-x/a)~(n/2)),x],x,1/x] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[c"2-a”2xd*2,0] && Not[IntegerQ[n/2]] && (IntegerQ[p] || GtQ[c,0]) && IntegerQ[m]

dyp
2: J.x'" (c+—] e"Arccothiax] gy when c2-a2d?==0 A %ez A (PEZV Cc>0) Am¢zZ
X

Derivation: Algebraic simplification, piecewise constant extraction and integration by substitution
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

Basis: enArcCoth(z] __ t

Basis: Oy (X" (%)’") -9

Basis:F[ﬂ - —Subst[F—%L, X, ﬂ @X%

Note: Since c* - a® d* == @, the factor (1. ¢)" will combine with the factor (1. )~z or (1- %),

Rule:If c>-a*d*=@ A 2 ¢Z A (peZ V c>0) Am¢Zthen

dyp 1\n 1 dye (1+ )"
X" [c + —) @nArecothlax]l gy _, P x" [—] (1 + —) — 22X dx
X X (l)m c X (I_L)nlz

X

Program code:

Int[x_"m_x(c_+d_./x_)"p_.*E”~(n_.xArcCoth[a_.*x_]),x_Symbol] :=
—cApxx*m* (1/x) “mxSubst [Int [ (1+d*x/c) *p* (1+x/a)”(n/2) / (X (m+2) * (1-x/a)~(n/2)),x],x,1/x] /;

FreeQ[{a,c,d,m,n,p},x] &% EqQ[c”2-a*2xd"2,0] && Not[IntegerQ[n/2]] && (IntegerQ[p] || GtQ[c,0]) && Not[IntegerQ[m]]
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

dyrp
2: ju [c+ —) @"Arccothiax]l gy when c2 - a2d?==0 A %ez A-(PEZ V C>0)
X

Derivation: Piecewise constant extraction

+g P
Basis: Oy % -0

Rule:If c?-a?d*=@ A 2 ¢2Z A - (peZV c>0),then

d\P
d\p (C+ _) d \p
u (C " _] enAr‘cCoth[ax] dx —s N X7 Ju [1 + _] enAr‘cCoth[ax] dx
X (1+ i)" cX

cXx

Program code:

Int[u_.*(c_+d_./x_)"*p_»E~(n_.xArcCoth[a_.*x_]),x_Symbol] :=
(c+d/x)*p/ (1+d/ (c*x) ) *p*Int [u* (1+d/ (c*Xx) ) *p*E” (nxArcCoth[a*x]) ,x] /;
FreeQ[{a,c,d,n,p},x] &% EqQ[c~2-a”2xd"2,0] && Not[IntegerQ[n/2]] && Not[IntegerQ[p] || GtQ[c,0]]



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

4, J-u (c +dx2)pe"A'“cc°th[“] dx when a2c+d=0 A gez

1. J(c+dx2)pe"Ar°C°t“[ax] dx when a’c+d=0 A gez Aps-1

e" ArcCoth[a x]

1: | ——————dx whena?c+d=0 A 2¢z
c+dx? 2

Rule:If a2c+d =0 A 2 ¢ z,then

nArcCoth[ax]

dx —
c+dx? acn

e e" ArcCoth[a x]

Program code:

Int[E~(n_.*ArcCoth[a_.*x_])/(c_+d_.*x_"2),x_Symbol] :=
E~ (nxArcCoth[axXx]) / (axc*n) /;
FreeQ[{a,c,d,n},x] &% EqQ[a”2xc+d,0] && Not[IntegerQ[n/2]]

e" ArcCoth[a x]
2: -J-—zdlx when a2c+d=0 A n¢z
(c +dx2)3/

Note: When n is an integer, it is better to transform integrand into algebraic form.

Rule:If a2c+d =0 A n ¢ Z,then

nArcCoth[ax] (I'l - a X) e" ArcCoth[a x]
T dx —
(c+dx?) ac(n*-1) Vc+dx?
Program code:

Int[E~ (n_xArcCoth[a_.*x_])/ (c_+d_.%x_"2)"(3/2),x_Symbol] :=
(n-axx) *E~ (nxArcCoth[a*x]) / (a*C* (N*2-1) x*Sqrt[c+d*x"*2]) /;
FreeQ[{a,c,d,n},x] &% EqQ[a”2xc+d,0] && Not[IntegerQ[n]]



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

3: J(c+dx2)pe“Arcc°th[aX] dx when a®c+d=0 A gez Ap<-1A p;é—% An®-4(p+1)2#0

Rule:lif a?c+d=0 A 2 ¢z Ap<—1/\p¢—% A n?>-4 (p+1)2+0,then

(n+2a (p+1) x) (c+dx?)Ptenhrecothiaxl 5 (5, 9y (2p+3)

J(c +dx2)PenArcCoth[aX] dx — j(c . dxz)p+1 enArccoth[ax] dx

ac(n*-4(p+1)?) c(n?-4(p+1)2?)

Program code:

Int[ (c_+d_.*x_"2)"p_=*E~(n_.*ArcCoth[a_.x*x_]),x_Symbol] :=
(N+2%ax (p+1) *X) * (C+d*x*2) ~ (p+1) *E” (nxArcCoth[a*Xx]) / (a*C* (n*2-4% (p+1)~2)) -
2% (p+1) * (2xp+3) / (C* (N*2-4% (p+1)~2) ) *Int [ (c+d*x*2) ~ (p+1) *E” (nxArcCoth[a*x]) ,x] /;

FreeQ[{a,c,d,n},x] &% EqQ[a*2xc+d,0] &&% Not[IntegerQ[n/2]] && LtQ[p,-1] && NeQ[p,-3/2] && NeQ[n"2-4x (p+1)”"2,0] && (IntegerQ[p]

2. J.x'“ (c+dx2)"e"""c°t“[“] dx when a?c+d=0 A gez AMEZ AOsms -2 (p+1)

1. Jx (c +dx?)Penhrecothiaxl qx when a®c+d==0 A Eez Aps-1

X e" ArcCoth[a x]
1: j—zdx when a?c+d=0 A n¢z
(c+dx2)3/

Rule:If a2c+d =0 A n ¢ Z,then

XenAr‘cCoth[ax] (1—anx) enAr‘cCoth[ax]
T X T

2
(c+dx?) a’c (n?-1) Vc+dx?

Program code:

Int[x_=*E~(n_xArcCoth[a_.xx_])/(c_+d_.*x_"2)~(3/2),x_Symbol] :=
- (1-a*nxXx) *E~ (nxArcCoth[a*x]) / (a”2xc* (n"2-1) *Sqrt[c+d*x"2]) /;
FreeQ[{a,c,d,n},x] &% EqQ[a”2xc+d,0] && Not[IntegerQ[n]]
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents 50

2: Jx (c+dx?)Perhrecothax] gx when a?c+d =0 A En,t.z Aps-1A p;&—% An?-4(p+1)2#0

Rule:lif a?c+d=0 A 2 ¢z Ap=-1n p;&—% ANn2—4 (p+1)2+0 A p¢Z,then
+1 _nArcCoth[ax
J~X (c + dx?)P enrecothion gy _, (2 (p+1) +anx) (c+dx?)P* enhrccothlax] ) n(2p+3) J(“dxz)pa enArccothlax] gy
a’c (n?-4 (p+1)2?) ac(n*-4(p+1)?)

Program code:
Int[x_* (c_+d_.*x_"2)"p_x»E~(n_.xArcCoth[a_.xx_]),x_Symbol] :=
(2% (p+1) +a*n*xXx) * (c+d*x"2) ~ (p+1) *E~ (nxArcCoth[axXx]) / (a”2xC* (N*2-4% (p+1)"2)) -

n* (2xp+3) / (a*Cx (N*2-4% (p+1)~2) ) *Int [ (c+d*x*2) ~ (p+1) *E” (nxArcCoth[a*x]),x] /;
FreeQ[{a,c,d,n},x] &% EqQ[a”2xc+d,0] &&% Not[IntegerQ[n/2]] && LeQ[p,-1] && NeQ[p,-3/2] && NeQ[n"2-4x (p+1)”~2,0] & & (IntegerQ[p] || Not[Integer

2. J.xz (c+dx?)Perhrecothax] gx when a®c+d =0 A gez Aps-1

1: sz (c+dx?)PenArccothiaxl qx when ac+d =0 A %ez An2+2 (p+1) =0 An%z1

Rule:if a?c+d=0 A 2¢2Z ANn*+2 (p+1) =0 A n®#1,then

(n+2 (p+1) ax) (c +d xz)'{’+1 @nArcCoth[ax]

JXZ (C +dx2)PenArcCoth[ax] dx — -
a*cn? (n®-1)

Program code:

Int[x_"2* (c_+d_.*x_"2)"p_.*E~(n_.xArcCoth[a_.*x_]),x_Symbol] :=
- (N+2% (p+1) *axX) * (C+d*x"2) A (p+1) *E” (nxArcCoth[axx]) / (a”3*cxn*2x (n*2-1)) /;
FreeQ[{a,c,d,n},x] && EqQ[a”2xc+d,0] &&% Not[IntegerQ[n/2]] && EqQ[n”2+2x (p+1),0] && NeQ[n”"2,1]



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

2: sz (c+dx?)Penhrecothiax] gx when a®c+d =0 A %ez APs-1 AN +2(p+1)#0 An® -4 (p+1)2#0

Rule:lif a?c+d=0 A 2¢ZAp=<-1An*+2(p+1) #+@ An*-4 (p+1)?+0,then

2\ P+l _nArcCoth[ax] 2
sz (c +dx2)PenArcCoth[ax] dx —s (n+2(p+1) ax) (c +dx ) € _ n“+2 (p+1) j(c +dx2)p+1 @nArcCothlax] gy
a*c (n?-4 (p+1)2?) a’c (-4 (p+1)?)

Program code:

Int[x_"2* (c_+d_.*x_"2)"p_x»E”(n_.xArcCoth[a_.xx_]),x_Symbol] :=
(N+2% (p+1) *axX) * (C+d*x*2) ~ (p+1) *E” (nxArcCoth[a*Xx]) / (a”3xCx (n"2-4x (p+1)~2)) -
(n*2+2% (p+1) ) / (a”2*Cx (n*2-4% (p+1) ~2) ) »Int [ (c+d*x*2) ~ (p+1) *E” (nxArcCoth[a*x]),x] /;

FreeQ[{a,c,d,n},x] && EqQ[a*2xc+d,0] &% Not[IntegerQ[n/2]] &% LeQ[p,-1] && NeQ[n"2+2x (p+1),0] && NeQ[n"2-4x (p+1)~"2,0] &&
(IntegerQ[p] || Not[IntegerQ[n]])

3: Jx'" (c+dx?)Perhrecothax] gx when a®c+d =0 A gez AMEZ A3sms-2(p+1) ApezZ

Derivation: Integration by substitution

Basis:If a?c+d =0 AmeZ A p € Z,then

_ p n ArcCoth[a x] Coth [AT‘CCOth [aX] ]m+2 (p+1)
X" (c + d x2 P nnArcCothlax] __ _ (-c)? e ArcCoth X
< > © aml Cosh[ArcCoth[ax]]2 (P Ox [aX]

Rule:lf a?c+d=0 A 5 ¢ZAmeZ A3<m=<-2(p+1) A pezthen

- p e" X Coth[x m+2 (p+1)
X" (c+dx?)Penhrecothiax] gy — - =) Subst[ i dx, X, ArcCoth[a x]]
am+1 Cosh [X] 2 (p+1)

Program code:

Int[x_"m_.*(c_+d_.*x_"2)"p_=*E”~(n_.*ArcCoth[a_.*x_]),x_Symbol] :=
- (-c)~p/a” (m+1) *Subst [Int [E” (nxx) *Coth[x]” (m+2% (p+1) ) /Cosh[x]~ (2% (p+1) ) ,X],X,ArcCoth[a*xx]] /;
FreeQ[{a,c,d,n},x] &% EqQ[a”2xc+d,0] &&% Not[IntegerQ[n/2]] && IntegerQ[m] && LeQ[3,m,-2(p+1l)] && IntegerQ[p]
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

3. J-u (c+dx2)pe"“"c°th[ax] dx when a2c+d=0 A %ez

1: Ju (c+dx?)Perhrecothiaxl gx when ac+d =0 A 2%2 ApEeZ

Derivation: Algebraic simplification

Basis: If a2c+d =0 A pezthen (c+dx?)P=dPx?P (1- 55)°

a2 X2

Rule:lif a?c+d =0 A 2 ¢Z A pez,then

1
2

p
ju (C + dXZ)PenAr‘cCoth[aX] dx — dP J‘u XZP (1_ 2] enAr‘cCoth[ax] dx

a® X

Program code:

Int[u_.*(c_+d_.*x_"2)"p_.*E~(n_.+*ArcCoth[a_.*x_]),x_Symbol] :=
d*p*Int [uxx” (2xp) * (1-1/ (a”2xx"2) ) *p*E” (nxArcCoth[axx]) ,Xx] /;
FreeQ[{a,c,d,n},x] &% EqQ[a*2xc+d,0] && Not[IntegerQ[n/2]] && IntegerQ[p]
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2: Ju (c+dx?)PenArccothlax] gx when a®c+d =0 A Eez ApPeEZ

Derivation: Piecewise constant extraction
+ 2 P
Basis: If a% ¢ + d == 0, then Oy _lexdx)” 0

@ 1)

Rule:If a2 c+d =0 A 5 ¢Z A p ¢ Z,then

(c+dx?)? 1 \r
C +dX p nArcCoth[ax] dx — Ju X2p (1 _ ) enArcCoth[ax] dx
x2P (1_ 1 )p a2 x2

a?x?

Program code:

Int[u_.x(c_+d_.*x_"2)~p_x»E”(n_.xArcCoth[a_.*x_]) ,x_Symbol] :=
(c+d*x~2) Ap/ (X (2xp) * (1-1/ (a”2xx"2) ) *p) *Int [uxXx” (2xp) * (1-1/ (a*2xx"2) ) *p*E” (nxArcCoth[a*x]),x] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[a”2xc+d,0] && Not[IntegerQ[n/2]] && Not[IntegerQ[p]]
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

d\p
5. Ju (C + —2] ehArccothlax] gy when c+a2d==0 A %éZ

d\p
1. Ju (c+ —2] e"Arccothlax] gy when c +a2d =0 A gez A (PEZ V c>0)
X

d\p
1: ju [c+—2) @"Arccothiax] gy when c+a2d =0 A Eez A (PEZ V Cc>0) A (2p|p+§)ez
X

Derivation: Algebraic simplification

1 1\n/2
Basis: " ArcCoth(z] __ ( +z)

(1-3)""
Basis: (1-2z%)P = (1-2)P (1+2)°P

Basis: If p+n ez, then (1-1)P" (14 2)P" . Llezi?iezi?n

z o z2P

Rulerlif c+a2d=@ A Te¢Z A (peZVc>08) A (2p|p+ D) czthen
Ju (c+i]pe“rcc°th[ax]dlx_>CPJ” (1' : ]P(1+;) dx
x2 a2 x? (1_a%)n/z

1\p3 1 \p3
— c"Ju (1-—] (1+—] dx
ax ax

cP u p_l p+1
— — | — (-1l+ax)" 2 (l+ax)  2dx
a2p x2P

Program code:

Int[u_.*(c_+d_./x_"2)~p_.*E~(n_.+ArcCoth[a_.*x_]),x_Symbol] :=

crp/an (2xp) *Int[u/x™ (2xp) * (-1+axX) * (p-n/2) * (1+a*xx) * (p+n/2) ,x] /;

FreeQ[{a,c,d,n,p},x] & & EqQ[c+a”2xd,0] && Not[IntegerQ[n/2]] && (IntegerQ[p] || GtQ[c,0]) && IntegersQ[2xp,p+n/2]



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

d\pr
2. Jx'" (c+—2] @"Arccothiax]l gy when c +a2d =0 A %ez A (Pe€Z V c>0) A~ (2p | p+§) €z
X

d\r
1: Jx’" (c+—2] @ Arccothiax]l gy when c+a?d=0 A Eéz A (PEZV C>0) A = (2p|p+%)ez AMeEZ
X

Derivation: Algebraic simplification and integration by substitution

Basis: e"ArcCoth(z] __ ( ty

Basis: (1-22)" = (1-2)P (1+2)P

Basis: F | L] = —Subst[F—%L, x, 1] o,
_ Rule:|fc+azd::@/\%§EZ/\(pEZ\/C>0)/\—|<2p‘p+%>ez,then
n A\P o accothias (e 1 e (14 2)™
X [C+X—2] @ Bxl qx — ¢ Jx (1_32)(2) (1_:_X)n/2d1x

n

1 1\p3 1 \p+3
— cP (1 - —) (1+ —] dx
(l)'" ax ax
X

1-X)PT (14 X)P*F 1
— —cP SUbSt[J( ) () dx, X, —]
X

Program code:

Int[(c_+d_./x_"2)"p_.*E~(n_.*ArcCoth[a_.*x_]),x_Symbol] :=
-c”p*Subst [Int[ (1-x/a)”~(p-n/2) * (1+x/a)~(p+n/2) /x*2,x],X,1/x] /;
FreeQ[{a,c,d,n,p},x] &% EqQ[c+a”2xd,0] && Not[IntegerQ[n/2]] && (IntegerQ[p] || GtQ[c,0]) && Not[IntegersQ[2xp,p+n/2]]

Int[x_"m_.x(c_+d_./x_"2)"p_.*E~(n_.*ArcCoth[a_.*x_]),x_Symbol] :=
-c”p*Subst [Int[ (1-x/a)”~(p-n/2) * (1+x/a)*(p+n/2) /x* (m+2) ,X],X,1/x] /;

FreeQ[{a,c,d,n,p},x] &% EqQ[c+a”2xd,0] && Not[IntegerQ[n/2]] && (IntegerQ[p] || GtQ[c,0]) && Not[IntegersQ[2xp,p+n/2]] && IntegerQ[m]
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

d\p
2: Jx’“ [c+—2] @ Arccothiax] gy when c+a2d =0 A %ez A (PEZ V C>0) A - (2p|p+%)ez AMe¢Z
X

Derivation: Algebraic simplification, piecewise constant extraction and integration by substitution

1\n/2
Basis: " ArcCoth(z] __ <1+Z

Basis: (1-22)P = (1-2)P (1+2)P
Basis: Oy (X" (%)m) -
Basis: F| 1] = —Subst[F—%L, X, 1] 0,1

Rule:if c+a’d=0@ A 5¢Z A (pezZVCc>0) A~ (2p|p+5) ezthen

n n
2 2

d\p ArcCoth 1 p (1 + _alx)n/z
X" [c+ —| enArccothlaxl gy 5 P | x" |1- dx
xZ aZ XZ (1 _ 1 )n/z

ax

1y\m 1 1\p3 1 \p3
— cPx" (—) [1 - —) (1 + —) dx
X (l)'“ ax ax

PE (14 2)PS .

X
1-%
— -cPx" (E)mSubSt[J\( a) — 2 dx, X, _]
X X X

Program code:

Int[x_"m_x(c_+d_./x_"2)"p_.*E~(n_.*ArcCoth[a_.*x_]),x_Symbol] :=
—c p*x~mx (1/x) “m*Subst [Int[ (1-x/a) " (p-n/2) * (L+x/a) ~ (p+n/2) /X" (M+2) ,x] ,X,1/x] /3

56

FreeQ[{a,c,d,m,n,p},x] &% EqQ[c+a”2+d,0] && Not[IntegerQ[n/2]] && (IntegerQ[p] || GtQ[c,0]) && Not[IntegersQ[2xp,p+n/2]] && Not[IntegerQ[m]]
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d\r
2: ju (c+—2] @ Arccothiax] gy when c +a2d=0 A EG.Z A-~(PEZ V C>0)
X

Derivation: Piecewise constant extraction

e 4"

Basis: If ¢ + a%>d == 0, then 64 qu =0

Rule:if c+a’d=0 A 2 ¢Z A~ (peZ V c>0),then

FracPart[p]

d\p cIntPart[p] (c + 1) 1 .
2
u (C + _2] @nArcCothlax] g4 _ | X ju [1 - = 2] @nArcCoth[ax] gy
% (1 _ az:l )FracPart[p] a2 x

X

Program code:

Int[u_.x(c_+d_./x_"2)"p_xE”(n_.xArcCoth[a_.*x_]) ,x_Symbol] :=

cIntPart[p]* (c+d/x"2)~FracPart[p]/ (1-1/ (a*2xx”"2) ) FracPart[p] *Int[ux (1-1/ (a*2xx"2))*p*E” (nxArcCoth[a*x]),x] /;

FreeQ[{a,c,d,n,p},x] & & EqQ[c+a”2xd,0] && Not[IntegerQ[n/2]] && Not[IntegerQ[p] || GtQ[c,0]]
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2 ju enAr‘cCoth[anbx] dx

1: Ju enArcCoth[a+bx] dx when n ez
: 2

Derivation: Algebraic simplification
Basis: If 0 ¢ z, then e" ArcCoth[z] __ (_1) n/2 e ArcTanh[z]
2
Rule: If % € Z,then
ju enArcCoth[c (a+bx) 1] dx — (_1)n/2 ju enl\r‘cTanh[c (a+b x) ] dx

Program code:

Int[u_.*E~(n_xArcCoth[c_.*(a_+b_.*x_)]),x_Symbol] :=
(-1)~(n/2) *Int [uxE” (nxArcTanh[cx (a+b*x) ]) ,x] /;
FreeQ[{a,b,c},x] &% IntegerQ[n/2]

2 Ju enArcCoth[a+b x] dx when n ¢z
' 2

1: JenAr‘cCoth[c (a+bx) ] dx when %e 7

Derivation: Algebraic simplification and piecewise constant extraction

1\n/2 n/2 1\n/2
‘c. _NArcCoth[z] __ (1+5) 22 (13)
Basis: e Ty T
. . f[x]" (1+‘H1X1 >n B
Basis: Oy I 0

Rule: If % ¢ Z,then



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

1

1 n/2
)

/2
c (a+bx))n? (1+— c (a+bx))n? (1+ )n /2
JenArcCOth[c @)1 gy _, J( ( )) c (a+bx dxX — (c( )) c (a+bx) J‘ (l+ac+bcx)" dx

(-1+c (a+bx))"2 (L+ac+bcx)"? (-l+ac+bcx)"?

Program code:

Int[E~(n_.+*ArcCoth[c_.»(a_+b_.*x_)1),x_Symbol] :=
(cx (a+b*x) )~ (n/2) x (1+1/ (c* (a+bxx) ) )~ (n/2) / (1+axC+bxcxx)~(n/2) *xInt[ (1+axc+bxcxx)”~(n/2) / (-1+axc+bxcxx)~(n/2),x] /;
FreeQ[{a,b,c,n},x] && Not[IntegerQ[n/2]]

59



Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

2. J.(d + ex)m nArcCoth[c (a+bx)] dx when n ¢z
2

1: Jx“‘ @nArccothlc (a+bx) ] gy whenmez A -1<n<1

Derivation: Algebraic simplification and integration by substitution

1 1\n/2
Basis: " ArcCoth(z] __ < +z)

/2
(2-2)°

Basis:if mez A -1 <n < 1,then

1 n/2 , 1 n/2 1 n/2
Xm <1+c(a+bx) ) L SUbSt sz (1+a C+(17ac> XZ/n>m X (1+c(a+bx> > 6 <1+c(a+bx)>
1 n/2 bm+1 m+1 (71+X2/n>m+2 ) ) 1 1 n/2 X 1 n/2
( 7c(a+bx)) ( 7c(a+bx)> 7c(a+bx)>
Note: There should be an algebraic substitution rule that makes this rule redundant.
Rule:lf mez A -1 <n<1,then
n/2
J\ XM ghArcCothlc (a+bx)] gy _, XM c (a+bx) ) dx
n/2
- c (a+bx) )
n/2
a4 X" (1+ac+ (1-ac) x¥)" (1+c(a:+lbx))
— ﬁ Subst [J > 3 dx, x, —/2]
n b™ m+ -1 n\ m+ B 1 n
( X ) (1 c(a+bx))

Program code:

Int[x_~m_xE” (n_xArcCoth[c_.*(a_+b_.*x_)]),x_Symbol] :=
-4/ (nxb”™ (M+1) »c™ (m+1) ) *
Subst [Int[x”(2/n) * (1+a*C+ (1-axc) *x” (2/n) ) m/ (-1+x*(2/n) )~ (M+2) ,x] ,X, (1+1/ (c* (a+bxx)) )"~ (n/2) / (1-1/ (c* (a+bxx)))~(n/2)] /;
FreeQ[{a,b,c},x] && ILtQ[m,0] && LtQ[-1,n,1]
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2: j(d +ex) " enArecothlc @bx)] gy when % ¢z

Derivation: Algebraic simplification and piecewise constant extraction

1\n/2 n/2 1yn/2
e ~NArcCoth[z] __ (1+) _ V2 (143
Basis: e Ty T
z

N N S
Basis: Oy Tfx)

Rule: If % ¢ Z,then

1 )n/Z

(c(a+bxn"”(1+
(d re X)m enAr‘cCoth[c (a+bx) ] dx —s (d re X)m ¢ (a+bx) dx

(-1+c (a+bx))"/2

n/2
(c (a+bx))"2 1+ —2 1+acebex)?
— ( C(a+bx)) J(d+ex)'" L * J dx

(L+ac+bcx)"? (-l+ac+bcx)"?

Program code:

Int[(d_.+e_.*x_)"m_.*E~(n_.*ArcCoth[c_.*(a_+b_.*x_)]1),x_Symbol] :=
(c* (a+b*x) )~ (n/2) x (1+1/ (c* (a+b*x) ) )~ (n/2) / (1+axc+bxcxx)~(n/2) *Int[ (d+exx) *m* (1+axc+bxcxx)*(n/2) / (-1+axc+bxcxx)~(n/2),x] /;
FreeQ[{a,b,c,d,e,m,n},x] && Not[IntegerQ[n/2]]

3. Ju (c+dx+ex2)pe"“"cc°t“[a*bx] dx when gez Abd=2ae Ab’c+e(1-a%) =0

1: J.u (c+dx+ex?)Penhrecothlarbx] gy when 2 ¢z A bd=2ae Ab’c+e(1-a*) =0 A (pez VvV =55 >0)

1-a?

Derivation: Algebraic simplification and piecewise constant extraction

Basis:If bd ==2ae A b’c+e (1-a%) =0,thenc+dx+ex*= = (1- (a+bx)?)
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

1\n/2 n/2 1y\n/2
ie. ANArcCoth[z] __ (1+5) 22 (1)
Basis: e T T s
ice (a+bx)” <1+a+1bx>n __
Basis: Ox Trash)n =

. (1-a-bx)" __
Basis: Ox EYTT 9

Basis: (1-2z%)7 = (1-2)P (1+2)°P

n 1\n
Basis:%)ni: <1er72>n (1;z>n

Rule:If 2 ¢z Abd=2ae Ab’c+e(l1-a*)=0A (pezV 55 >0),then

¢ e (@a+bx)™2 (1+ =)
u(c +dx+ex2)pe"”cc°th[a"bx] dx — ( ) u(1-(a+bx)?)’ = dx

1-a? (-1+a+bx)"2

b (1+a+bx)"/?

(1-a-bx)"/?

2

c p (@a+bx)"?2 (1+a+1bx)"/ (1-a-bx)"2

— ( ) dx
1- a2

v = Ju (1- (a+bx)?)
(l+a+bx) (-1+a+bx)

( c )p[ a+bx )"/2 [1+a+bx)"/2 (1-a-bx)"2
-
1-a2

Ju (1-a-bx)P"2 (1+a+bx)P"24x

l+a+bx a+bx (-1+a+bx)"?

Program code:

Int[u_.*(c_+d_.*x_+e_.*x_"2)~p_.*E~(n_.xArcCoth[a_+b_.*x_]),x_Symbol] :=
(c/ (1-a"2) ) ~px ( (a+b*x) / (L+a+b%x) )~ (n/2) * ( (L+a+b%x) / (a+bxx) )~ (n/2) * ((1-a-bxx) ~*(n/2) / (-1+a+bxx)~ (n/2) ) *
Int[ux (1-a-bxx)”~(p-n/2) * (1+a+bxx) " (p+n/2),x] /;
FreeQ[{a,b,c,d,e,n,p},x] && Not[IntegerQ[n/2]] && EqQ[bxd-2xaxe,0] & & EqQ[b"2xc+e(1-a"2),0] && (IntegerQ[p] || GtQ[c/ (1-a"2),0])
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

2: ju (c+dx+ex?)Penhrecothia:®x] gx when ¢z Abd=2aeAb’c+e(l-a’)=0A-(pezV 55>0)

Derivation: Piecewise constant extraction

<c+d x+ex2)p

(1-a%2-2 a b x-b? x2) P

::e

Basis:If bd ==2ae A b?c+e (1-a?) == 0,thendy

Rule:lf bd =2ae A b’c+e (1-a%) =@ A - (pezV - > @), then

(c+dx+ex2)p

Ju (C +dx+ exZ)P enAr‘cCoth[a+bx] dx —s Ju (1 _ az _2abx- b2 XZ)P enArcCoth[a+bx] dx

(1-a%-2abx-b2x?)°

Program code:

Int[u_.*(c_+d_.*x_+e_.*x_"2)~p_.*E~(n_.xArcCoth[a_+b_.*x_]),x_Symbol] :=
(c+dxx+exx"2) *p/ (1-a”2-2xaxbxx-b"2xx*2) *pxInt [ux (1-a*2-2xaxbxx-b"2xx"2) *pxE” (nxArcCoth[axXx]) ,x] /;
FreeQ[{a,b,c,d,e,n,p},x] && Not[IntegerQ[n/2]] && EqQ[bxd-2xaxe,0] & & EqQ[b"2xc+e(1-a"2),0] && Not[IntegerQ[p] || GtQ[c/ (1-a*2),0]]
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Rules for integrands involving exponentilas of inverse hyperbolic tangents and cotangents

3: Ju enArcCoth[afT] dx

Derivation: Algebraic simplification
Basis: ArcCoth[z] = ArcTanh| 2]

Rule:

Ju enArcCoth[afT] dx —» J.u enAr‘cTanh[:—+bc—x] dx

Program code:

Int[u_.*E~(n_.*ArcCoth[c_./(a_.+b_.*x_)]),x_Symbol] :=
Int[uxE” (nxArcTanh[a/c+bxx/c]) ,x] /;
FreeQ[{a,b,c,n},Xx]
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